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A  discrete  survival  model  is  considered  where  an  unobservable  ran¬ 
dom  variable  is  subjected  to  destruction  so  that  what  is  observed  and 
recorded  is  only  the  undamaged  part  X  of  N.  Assuming  the  destruction 
process  is  represent od  by  the  Markov-PoJ.ya  distribution,  a  characteri¬ 
zation  of  the  negative  binomial  distribution  is  obtained.  Utilizing 
the  completeness  property  of  the  negative  binoniaL  distribution,  a 
characterization  of  the  Markov-Poly a  distribution  is  derived.  Several 
other  characterization  theorems  are  also  proved  concerning  these  proba¬ 
bility  distributions. 
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i.  iwmcrocnoN 

Contagious  distributions  are  characteristic  of  many  biological 
and  ecological  systems.  Numerous  distributions  are  developed  in  statis¬ 
tical  and  biological  literature  for  dealing  with  certain  contagious 
events  (see  for  example,  Johnson  and  Fotz ,  1960  chp.  9  and  the  refer¬ 
ences  contained  there  in).  The  Markov-Poly a  distribution,  which  was 
derived  first  by  ’*arkov  (1917)  and  later  by  Polya  in  Fggenberger  and 
Polya  (1923),  is  one  such  distribution.  The  genesis  of  this  distribu- 

i 

tion  is  generally  presented  in  terms  of  random  drawings  of  balls  from 
an  urn.  Initially,  it  is  assumed  that  there  are  a  white  balls  and, 
b  black  hails  in  the  urn.  One  ball  is  drawn  at.  random  and  then  re¬ 
placed  with  c  additional  balls  of  the  same  color.  This  procedure 
is  repeated  N  times.  Then  the  total  number,  X,  of  the  white  balls  in 
the  sample  will  have  the  Markov-Po lya  distribution  ('TP) .  A  vast  num¬ 
ber  of  interesting  properties  of  this  distribution  have  been  discussed 
by  Bosch  (1933)  and  Pvczka  (1972)  among  others.  Mowever.  characteri¬ 
zations  of  this  distribution,  to  the  best  of  this  author’s  knowledge, 
are  not  discussed  in  the  literature.  Thus,  the  purpose  of  this  paper 
is  to  present  certain  important  nnf’  interesting  ,  ’'amvtorizaf i on 
theorems  concerning  the  MPP. 

First  of  all,  the  fTP  is  generated,  in  section  2.  fren  a  pure 
birth  process .  In  section  3,  a  characterization  of  the  'TP  is  pro¬ 
vided  utilizing  the  reproducible  property  of  tl>  NPP.  Two  characleri- 
zation  theorems,  analogous  to  the  theorems  of  Pao-Pubin  (1991) .  based 
on  the  concept  of  damage  models  arc  given  in  section  4,  and  section  5 
provides  four  other  theorems  involving  the  HTP  and  the  NBP  based  on 
conditional  distribution  concept. 


2.  FRIXIMINAPIES 


Let  the  integer  valued  random  variable.  T\  denote  tie  size  of  a 
biological  community  "hirh  produces  two  types  of  children,  say  boys 
and  girls  for  0f  simplicity  To*  v  ;»«d  y  denote  the  number 

of  boys  and  girls  ’■or n^-t  ively .  "here  N  =  V-*-’"  7f  the  accent  is  on 
X.  we  say  tha.t  "  is  reduced  to  X  by  means  of  **w>  -v-Poiya  survival 
mode* : 

S(l./nT  «  P(X=k|N=n)  =  (")  n<k»cVn-,v‘V—,,'>(n,C*  (2,1) 

where  a>o,  b>o,  rfo  and  k=o,l,2, —  ,n.  If  c.  is  negative,  then  (-c)(n-i)< 
min  (a,M.  n:-pvossion  y^m,< '•*  is  a  factorial  polynomial  of  the  m-th 

degree  with  respect  to  y,  which  is  given  bv 

;/m?  '  -  y(y+c)(y+2c). .  .(y+(m-t  V.  i 

=  cn  r(re-  /Ci/:  (v/,  t  (22) 

The  probability  distribution  (p.d.)  can  rencr n‘<'*  by  a  discrete-- 

tine,  discrete  elate  pure  birth  process  r-  tv  lows 

Tot  the  i *•*■><  ini  probability  o'  prodneirc  a  boy  tie  a/(n+b).  Tot. 
the  probability  of  producing  a  Ixiy  change  during  the  growth  or  the 
conmunity  •-  i v-c  KO  that  after  liming  produce'*  t  children,  of  which  k 
are  Ixiys,  the  probability  that,  the  next,  offspur*'--  is  a  boy  is  (n+ko)/ 
(a+b+tc).  'Hie  constant  c  is  interpreted  as  a  parameter  of  contagion. 

Tot  v(t.)=b  represent  the  numlier  of  boys  o<p  of  t.  children.  Then  the 
t ra n s ;  t. i on  prohabi  l i  t. ;  rs  are 

Pf  <'t+i  )=k+T  |X(t)~k  1  =  ( a+kc ) / ( a+b+tc ) ,  (2.3) 

whore  n>o,  b-o  <fo.  and  t  is  a  positive  integer.  Prom  the  taw  of 
total.  probabil;tv,  we  can  write  the  unconditional  probability 
PCX(t-*l)=k+l  ]  as 


-A- 

P[X.  »)*!:+]]■ 

n,:(t+i)=k+i  !  i  rrv(«)=ui  +  rrv<t+i)=k+i  |  '-(t)»k+n  r>r(t)=k+ii 

(p.-i) 

f°»'  k-O.-!  i..  If  v/o  donot<~  '  ■  7:  (t.)-k|,  using  (?..?•)  we  ran 


*«t  ?  *  r>  (  *"•  .  1  \  '».  • 


1  )  “  rvMvHc  1  !■' 


-  ••  •  ,  \r  _ 


a+b+te 


at)' 


'  ( f  1 1  -  — - - 

n  a ! wt t  ;  n 


with  P  (■■.'I  ?  1  , 
o 


(2.H) 


setvi n<"  II'*'  rpOi)Tf':‘fO  r*  lpti*«-is:  (  '.  )  an*1  vc  ran  enrol  v  nee 

that 


',/*.)  =  (!  )  ''  '  b!'"'v')  /  (a+b)(<’c).  (P.7) 


A  convenient  and  :i°ip|o  form  of  orpin t  ion  <P.1>  is  obtained  hy 
lotting  p=a/(a+h),  q~b/(a-ib)  and  r~r./(a+b),  wliirh  rives 

".(l'|n>  «  (”)  p(U’r)  q(n“k«r>  /  l<n’U>  .  (P.8) 

where  o  <p,  >>  -  1  ,  p+q-- '  mb  r  /  n- 

”any  standard  di <■•?'<••{ e  diet  ripnt.  ions  ran  lie  obtained  as  sprr.i a  1 
r;»'V-s  or  as  limiting  c.-v.e;;  *'f  (  "TT\  jv»r  instance 

i)  r.  -  o  gives  the  binomial  distribution 

ii)  c  =  -1  gives  the  hypergon*bor.r  io  distribution 

iii)  r.  =  +1  (with  a,b  positive  integers)  gives  the  negative 
hypcrgeometric  distribution. 

iv)  Tim  ttPH  (2.8)  tends  to  the  negative  binomial  distribution  (f!T?p) 
with  parameters  h/C  and  (1+fi)-1  as  n-*™  ,  p-*o  and  r-*o  such  that 


np-*h  and  nr-*fi.  This  limiting  distribution  is  sometimes  called 


the  Polya-Eggenbcrger  distrilmtion.  Hecause  of  its  importance  in  the 
sequel,  we  define  the  lTtn  ns  follows: 

Definition:  A  discrete  r.'\  P  is  said  to  have  a  negative  binomial  dis¬ 


tribution  with  parameters  and  p  if  its  probability  function  (p.f.) 

i  k  vpn  hy 


f(n>  =:  P(>J=n'> 


r(nt-f) 

nTIW 


n 

p  q  .  n~o. 


On  occasion,  we  denote  this  p.f.  by  nb(n;k.p). 


aiARiicrrpjZATioM  op  ;td  in  terms  of 
PTPnoixjciniLir;  of  krd 

The  following  theorem  gives  a  characterise!  ion  of  the  MPP  in  terms 
of  the  reprodu- ibi i ity  of  the  NPD. 

Theorem  1 :  Consider  the  family  of  distributions  ',s(k/ni  indexed  by  the 

parfB^^r  n=0. 1 ,  and  each  supported  on  a  rub-set  of  f  k:k=0. 1 . n} 

and  ’ n.’o-if -jvb>nt  of  0-  t<M:  n  follow  an  KT.P ,  nb(n :  (n+bl/c .R) .  Then  the 
resultant  mixture  distribution  is  an'rtT'.  nb(t ;c/c,fl)  if,  and  onl"  if, 
<t>(k|n)  t  s(’:|n).  'Dial.  is.  sfk|n)  as  given  in  (.'’.])  > 1:be  unique  solu¬ 
tion  of 

f  '.'k|ni  nb(n:(a+bVc.ni  =  nb(’- ,r/e, n)  (3.1) 

n=o 

Proof:  Suffice  enr.y. 

In  (3.1),  let  s(l;|nl  be  given  by  the  MPP.  then  the  loft  side  of  (3.11  is 


o'1  Ike),  i.n-k  ,c)  .  ,.  v(n,c)  ,  .... 

I  (")  2 - e^^n-ei" 


n«0 


k  (rt)1"''* 


n:  c 


a(h,c)0a/C(i_o)k 

.  .  k 


r  b(n-k.c)0h/ca_e)n-k 
_n~k  (n-k)I  c.n 


V 


. 


Tlv:  sun  of  the  terms  in  brackets  is  rmo.  Thus,  the  distribution  of  the 
mixture  is  nb(k.a/c.O). 

Necessity . 


'Pi :i*  s( k/n)  is  t.he  unique  solution  of  (3.1)  nay  lie  proved  in  various 
ways.  A  convenient  one  makes  use  of  the  conrept  of  completeness  of  a 
Family  of  diet vihut- ions.  Jot  ns  recall  the  concept  of  completeness  of 
a  family  of  dist  niv>ui  ions:  P  =  1  r*  : 0*: i*}  of  a  r.v.r,  indexed  by  tlie 
parameter  set  P,  is  conplete  if,  for  any  function  :(N)  independent  of 
0,  F.rt'(X)  I  --  0  for  every  n  r.  P  implies  T’(N)  0  for  all  x  (except  pos¬ 

sibly  for  a  set  of  x  with  probability  mijaim  vs  Tor  all  0  e  P) . 

V’e  know  that  s(k/n)  satisfies  .Suppose.  that  some  other  dis¬ 

tribution  fr(k/n)  also  satisfy  (3.1  V  "o  fh.us  have 


CO 


l  s(h/n) 
n=o 


r(n+(a+b)/e.) 
n:  l'( (a+b)/e.l 


0)n  = 


r(l->a/(-)  ra/rY, 
r(a/r  )  v '  ; 


rt- 


\ 

i. 

n*  o 


3(k/n) 


r(n-K.-s,,0/c) 

n'.r((a+h)/e 


•/  c 


O~‘0 


ffiiaZd  ,  P.3) 

for  any  fixed 

-  flubtractinfj  (3.3)  from  (3.2)  ret 

?  T:(n)  r(n+(a+h)/r)  o(a+b)/c(l-n)n  -  0 
l  UU  ni  f((a+b)/c)  U  ; 


where  U(n)  =  s(k/n)  -  n(h/n) .  Put.  it  is  well  known  that  tlie  negative 
binomial  is  corplete.  Pence,  Ff"(n) J  -  0  implies  ’t(n)  =  0  am’  hence 


—  i  - 


c(k/n)  -  s(k/n). 

llcnnrk:  A  multivari e  extension  of  this  thcoren  can  easily  he  stated 
and  proved. 

•i.  arAhAciTniZATio^  '  pascd  or:  hama?!'  pqpfl 

J <;t  (N.X)  n  random  vector  of  non-negative  in! eper  -valued  compon- 
on: such  that 


r(’T~n,>— k;  -  r(n)s(’:/n>,  (4.1) 

where  {  f  (n)  :n~0.1  ,3, . . .  }  and  t  r(k/n):  k=0,l,3, . . . ,n)  for  each  n>0  arc1 
discrete  prohnbi  l.i.tv  distributions.  That  is,  t  he  narrrina  l  distribution 
of  is  {  f(n) }  and  for  each  n>0  with  f(n)><\.  the  conditional  dir  ! ri but. ion 

of  piven  f-n  ir,  {  s(V/nl  :  h=0,l  ,2, . . .  ,n)  .  Further, 


P  (  V1T). 


T'(’*='-)  -  }  f(n)s(k/n) , 


r=l- 


,o  damage}.  m*£M 

*  o  • 

);  f(n)s(.j/.i) 


(4.3) 


(4.3) 


I  r(a)E(k/n) 

P  {  X-!.  |  damafted!  -y--~ - 

l  l  f(n)s(l:/n)  (4.4) 

k=0  n=k+l 


Theorem  2:  If  a  r.v."  defined  on  non-ne&ative  integers  is  distributed  in 
nature  as  an  KP.d  (2.P),  with  parameters  (k=(a+b)/e,  p)  and  if  it.  is  damaged 
and  reduced  to  a  by  the  Markov-IYilya  .survival  model  (2.1)  and  further,  if  X 
is  the  resultant  r.v.,  then 

i)  P(X~k)  =  P(V-k  |  damaged)  =  P(X“k  |  no  damage) ,  and 

ii)  Y  has  an  HDD  with  parameters  (a/c,p). 

Proof :  Applying  tlie  equations  (4.1),  (4.3)  and  (4.3)  the  results  (i)  and 
(ii)  follow. 


-F- 

Thoorm  3:  lot  N  he  a  non-negative  integer  valued  r.v.  and  let  tlie 
probability  that  an  observation  n  of  N  is  reduced  to  1;  fluring  a  destruc¬ 
tive  process  be  given  by  the  Markov-Poly a  process  (7.F).  lot  X  bo  the 
resultant  r.v.  Then  the  necessary  and  sufficient,  condition  that  X  has 
an  NBP  is  that 

P(X=k)  =  P(X~k  i  damaged)  ~  P(y-!;  J  undamaged).  (4.5) 

Proof:  Xf'cessary  part  follows  from  theorem  2.  To  prove  sufficiency  ivo 
observe  that  the  condition  (4.5)  yields 


v  f(,)(")  n(,"’r>  . 


n=k 


i  f(j)  p(,’r)  /  l<hr> 

j-n 


(■I.G) 


Dof inn 


f (y )  =••  r(y)  I(y,r)  "•  'V : 


( 1.' 


where  V  is  so:  e  ar’  ifrary  qunnl  i(y  n!  irk  will  bo  doton  4  nr-!  Inter. 

f '  y} 

Hub: ;(.itu ting  (  '.">)  into  MM'.)  with  n  -  Ms  nn«:  cancel  1  in-  p  /hi  on 
both  sides  of  (  •  me4. 


I  ’-(Ms)  '1 
s-0 


(  -,r)  ..H--,  .,  .. 


12LL 


l  ”(.n  P(':,r)  ’• 


(it 

let  G(pt)  =  l  r(.j)  (nt)(j’r)  ’P/j.’  , 


i=n 


r r--) 

where  f',(0)  =  T(0).  Multiplying  (he  equation  (4.F.)  by  (pi)  /kl  anf! 
sunning  over  U  frcta  2  to  m,  it  bccorcs 


4" 


V* 


_o_ 


l 


n=0 


F(n) 

n! 


l  O  q("-k’r) 


j-0 


,,n  _ 

v  0(P) 


* 

('1.0) 


>(n,r) 


Since  the  quantity  in  the  square  brackets  is  equal  to  (pt+q) 

(4.0)  becomes 

G(pt+q)  G(p)  -  G(pt).  (4.10) 

Putting  u  =  p(!  1),  (4.10)  reduces  to 

r;(u * l )  G(t.)  =  i-pi^p). 

let  <Ku)  =  r,(u 4-1)  and  v  -  p-1 ,  this  reduces  to  V'-nrhy  functional  equat  ion 

4>(")  <?(v)  =  ^(u+v) 

\v  >(x-l) 

the  solution  of  which  is  given  by  >J>( x  1  ~  r  "r-nro  r;(>:)  -  r  . 

Thus , 


>  - 


e  ‘  =  );  F(.i)  eX  p’*1,r>  vV.il 

.1-0 

Setting  cX  =  (J-O)'1'1'  and  V  ='o/r  ir  (l.n)  v.e 

(l-P)~P'r  =  l  F(.j)(  1-0)' 1  /r  p(j-rV P/rV!  /. i : 
In  order  to  doiomi.no  F(.i),  we  consider  the  identity 

(,-0)-P/r  =  l  p'-’-"1  d/j:  d 
.1=0 


(■1.11  ) 


(1.1?) 


(4. IS) 


Subtracting  (4.1?.)  from  (4.12)  we  rot 


o  -  J  (r(j)n-o)  1/r  -i}  p  •'•I/.i :  r1 

Thus,  F(j)  hits  to  lx?  equal  to  (l-0)^r.  Thoreforo, 

f(n)  =  ( 1-e)1 /r  l(n’r)  0n/n :  rn 


(4.1') 


F(n+l/r)  j. 

STW)’  {M)  • 


vhich  is  nb(n;  1/c,  0). 


i 


-]0- 


3.  HLMiAmrjZATio:^  [v\grr  ox  amincrAL  m-rrrnirrTiora 
V,'c  no1"  prove  the  following  theorems. 

Theorem  4:  If  X  and  V  arc  two  independent  r.v’s  which  follow  the  'TIP 
C’9)  with  paramci »i)  (b/c,pj  respect ivelv.  then  the  oondi- 
t  ional  distribution  *»r  X  qiven  VjY=n,  is  the  ‘JPD  (".M- 
Proof :  By  d^f jnit  '<>"  of  condit  ional  probability.  by  independence 
of  r.v’s  X  and  Y,  v/e  h,-.--.. 


Pf’=- 


h-v-  -  P(v=x)  P(Y=n-x) 
1  P(  v+Y--r  ) 


(x.r)  ft/e  x  ,  (n— >: .c)  h/r  n-: 

i v  *  n  •  n  t '  r»  n 


x; 


(’'■')•  C 


n-  •. 


(n4h)(n’^  p(’Vh)/r  qn 


n!  c 


n 


,n  (x.c;  ,,(n- ,  ••  , 

X  1 


r) 


The  converse  0f  this  t  hcoren?  is  alf«  t  whi<''  ■■  .  >ven  below. 

Theormp:  T<et  "  Y  he  two  independent  di  ■■■•-'U-  .  v '  r  ••>ieh  that  P(X=> 

X-tY-n)  is  f.iven  by  ire  *3T*  (P.]),  (hen  '  and  v  -rsl  have  ""P's  with  para¬ 
meters  (:*/«’. p)  and  tb/r.p)  respect • vely 

T.  r  I-,-,  x  ,n.  (x,e)  ,  (n-x,  ••)  ,  ,  ,,  ./n/  t 

Proof :  -x  I  ."Mi  -  «  .)  n  *  7  b  / 


Tills  is  of  the  foi*/!  a  (x'l  f»(y)/yfn),  where  c.(':1  : 

b(y,c)/y:  nnd  /(n)  -  (a+b)(n,c)/n.’ 


(x,r) 


/  ::I.  C(y)  - 


Pence,  from  a  theorem  of  Janardan  ( 1  P7"  i ,  the  p.f.’s  of  ”  and  V  are, 
respectively. 

f(x)  =  u  u(x)  c**  and  rt(y)  =  vC(v)  c-vy 

y 

where  u,\  and  v;  are  snne  arbitrary  constants  so] tin::  e  =  ( q/r) ,  we 


have 


f(x)  =  u  a(x'c)(q/c)x/x:,  n(y)  =  vb^y’c^(n/c)Vy: 


\ 


O' 


usiir,  the  fact  £  f(x)  -  1  3  p(v),  the  normal i  uv-  constants  ti  and 

“  yr*0 


v  are  S'*  lie 


to  p 


a/c  .  h/< 

•  '  an;’  p  ' 


r<’  -•  ■' 


’us 


anr 


arc 


Theorem  If  a  ;v>!WV' :  d.  ivo  in’  ••  »m:  •  .*  .  "  *■-  rat’*  ’  hided  into  two 
<•** qiononl:-.  ”  an;’  ”  si»*i  i1*-t.  IN-  .  :  ionr-l  distvi’Hi*  ion  !’("«!;,  ’*'n-h. j 

h-n)  io  an  "?”•  ns  •Non  in  iNr.  the  v.v  N  ’  n*r!  "  ar>'  iivVjien ’ont 

if,  mi-’  only  i  f ,  ”  h.vs  mi  . 

1  'roof :  '"'if;  .joii.i  proN’l  i  7  il  v  o'"  ’*  an  ’  V  "<*  re 


'  (i  n). 


ir  : 

>  ;*:i  .  v  — 

■  ,  f-n  • 

•P<  ‘ 

ran  ah 

'  •  •  .  ■  <  •  • 

.rite  it  in 

i  ■  ■ 

/  r 

■r 

i 

.  . 

* ,  ( • ; 

(ah 

/:  ( : 

(.'.m 

:•('(>'  ■  '  1  ,  a  > 

o.  and  h  ■ 

>  o. 

.'•nhs 

1  i  vail. 

ip;'  1  h( ;  vnl 

\V' 

or 

’T 

*--ii )  in 

( 5 . 

1  ),  f;ivcs  1C  '-:: 

,  - 

*V' 

■*  V  - 

■=■ -  ( 

’i  -it-’. 

),  ..hero  p( 

0  :■ 

1 

h(v=n-l-: ) 

are 

hot.li  yjvon  !>*, 

"N'’.-.  with 

)-;>» 

•aiiV'tor 

i  (:>/ 

r,  h.  and  (’• 

‘/c, 

0) 

7*0' 

-peel  Noly 

lonvoii  ;o7y ,  i 

r  ”  and  Y  ; 

irr* 

:v  t 

r.v’s  sue: 

t' 

1. 

T’C 

-h  !  ?:=n) 

is  • 

in  ’ 7”  ’ ,  :•«  a  hy 

throve  a 

» 

; i * 

n  1 , 

<-*».’)  ’7V'N  a 

nd 

”  l.V 

is  also 

nn  no. 

Thoov-.vi  7:  IT  ”  and  V  arc  two  i n'Vpendi  nl  r.v’;;  def  i  n*''*  on  non-n^yntivo 

i  ntofTM-.o  such  that  !'(7>x)  =  f(x)  ->  o,  }  r(x'  -  1  aw’  P(Y=y)  =  ~(y)><’\ 

x-o 

oo 

I  n(y)  =  1,  and  further  if,  pn  *nn  =  7, 

y=o 


l>C>k|»Y*n)  -  (?)  p„(li’r-'  q  /  l(n’r),  k<  n  (5.3) 


-  0, 


k  >  n 


then  (i)  p  is  independent  of  n  and  equals  n  constant  p  for  all  values 


i  ■ 


*■ 


\ 


\ 


A 


(  '•i'!  ~:l  nn,:  Y  rnus'  have  Mill's  vitli  parameters  (p,'r,n)  and  (q/r, 0) 
respect  i'”'!  y . 

Proof:  (lines  V  ant!  Y  arc  independent  r.\ 

n 

(r+Yan)  r,  f(?;V'{n-’  i  /  £  r(l-:)ir(n-ic) . 

’:=o 

which  is  i liven  by  (5.3)  for  all  vale-s  of  ’ ■■  <  n.  For  n  >  o  and  o  k  <  n. 

this  provide*.-  i<>n  functional  rr>lnkie»> 

C  .r)  .  (n-!:,r) 

rOQ^Qr-lQ  n-k+l  _ ji _  , _  . . 

f(k~l);:(n-k-M)  " J;  (k-l,r)  (n-k+l ,r)  ^  ' 

'  n  nn  • 

PoplncinO  k  and  n  n  (O.d)  by  (i-4-1)  and  ( n-!-1  ">  respect i  velv  pivos 


f(k+7  )p;(n-k)  _  n-k+I 

‘  ff “  "  k+1  * 


Vi 


(~+l »r) 


(n-k.r) 


'n+1 


(lv.r) 


n«-l 


(n-k+1 .r) 


n'l 


(5.5) 


T’ivjdinc  (3,3)  by  (5.  II  wo  pot 


fQPl)  f(k-1)  _  _k_ 

•>  |  i- 1 

r  (u) 


n  (k+l,r)  (k-l,r>  ,  (n-k.r) 

pnH  _ ‘  n  _ _ 

“TkpT"!  Cv-i . . r ) 


(5.5) 


n+1 


•1 


n*- 1 


"lie  I.. ’i. 5.  of  (5.r>)  is  indcpontlont  of  n  and  thus  t;. of  (5.0)  must 

be  independent  of  n.  V  lore  fore  p  . ,  ~  p  -  p  for  all  n. 

n+1  n 

5t»!fd.i‘»:t.j.n;:  k  -  1 (r.-l )  and  mu!  t. inly ino  tojTllvr  ••••  y-t.  the  re¬ 
currence  relat  ion: 


f(n)  =  (:  •+(.-!  V)  f(n-l)/n.  (5.7) 

where  rt  =  f(l)/f(o).  The  relation  (5.7)  true  for  all  n  =  1,5,... 
and  tints  continued  substitution  yields 

f(n)  =  p(n>r)  a"  f(o)/n:  (5.R) 

Oincc  l  f(n)  =  \  the  scries  (5.8)  must  convene  to  unity,  let  the  un¬ 


known  quantity  ot  be  equal  to  (G/r),  r  f  o,  o  <  0  <  1 .  Then  the  sum  of  the 


•CO>VK~: 


f 


-■Tics  j 
Thus , 


r(«'> 


7r 


rr- 


,)  (; 


O'. 


j.  ;i  lnrly ,  '>■>'  ^ett  i  V--1  ir>  nil  nv.ilv 

;\(n)  -  ;:(n-i)/n. 


O.P) 


(5  in'! 


r.M-.-,  f-(n)  -  "^n‘1  1  /n  f;(o)/n!  and  tV'  hypothesis  Vj;(n)  _  1  will 
yield  •;(())  -  (i-.'yl/1  __  nn  f  1  V--  r.\  .y  list  -Iso  In*  an  wit.1' 
parariel  ovs  (<\/r.i). 


I 
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